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Abstract. Hagler and the first named author introduced a class of hereditarily l1 Banach
spaces which do not possess the Schur property. Then the first author extended these spaces
to a class of hereditarily lp Banach spaces for 1 6 p < ∞. Here we use these spaces to
introduce a new class of hereditarily lp(c0) Banach spaces analogous of the space of Popov.
In particular, for p = 1 the spaces are further examples of hereditarily l1 Banach spaces
failing the Schur property.
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1. Introduction
A class of hereditarily l1 Banach spaces was introduced by Hagler and the first
named author. Among other interesting properties it does not possess the Schur
property [2]. Then these spaces were extended to a new class of hereditarily lp
Banach spaces, Xα,p [1]. In 2005, Popov constructed a new class of hereditarily l1
subspaces of L1 without the Schur property [5] and generalized his result to a class
of hereditarily lp Banach spaces [6]. In this paper we use the spaces Xα,p [1] to
introduce and study a new class of hereditarily lp spaces, analogous of the space of
Popov. In particular, we show that for p = 1 the spaces are further examples of
hereditarily l1 Banach spaces which do not possess the Schur property. This would
be the fourth example of this type. The first was constructed by J.Bourgain [3], the
second by Hagler and the first author, and the third by Popov.
Our construction shows that for the case p = 0 the spaces are hereditarily c0.
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Before we define these new spaces let us recall the definition of Xα,p. Let (αi)
be a sequence of reals in [0, 1] (whose terms are used as the weighting factor in the
definition of the norm) which has the following properties:









By a block F we mean an interval (finite or infinite) of integers. For a block F and
a sequence of scalars x = (t1, t2, . . .) such that
∑
j




A sequence F1, F2, . . . , Fn, . . . where each Fi is a finite block is admissible if
max Fi < min Fi+1 for i = 1, 2, 3, . . .








where max is taken over all n, admissible sequences F1, F2, . . . , Fn and 1 6 p <
∞. Then Xα,p is the completion of the finitely nonzero sequences of scalars x =
(t1, t2, . . .) in this norm. For a good information concerning these spaces, we refer to
[1] and [2].
Now we go through the construction of the spaces Xp analogous to the space of
Popov. Let α be a fixed sequence and (Xα,pn)
∞
n=1 a sequence of Banach spaces as
above with ∞ > p1 > p2 > . . . > 1. The direct sum of these spaces in the sense of lp







with p ∈ [1,∞), which is the space of all sequences x = (x1, x2, . . .), xn ∈ Xα,pn ,






















A Banach space X is hereditarily lp if every infinite dimensional subspace of X
contains a subspace isomorphic to lp. A Banach space X has the Schur property if
the norm convergence and the weak convergence of sequences coincide. It is well
known that l1 has the Schur property.
We follow the same notation and terminology as in [4]. The construction and the
idea of the proof follow [6] but the nature of these spaces is different, so for similar
results we omit the details of proofs. In fact these spaces are a rich class of spaces
which depend on the sequences (αi) and (pn) as above.
Fix a sequence (αi) of reals which satisfies the above conditions, and a sequence
(pn) of reals with ∞ > p1 > p2 > . . . > 1. Consider the sequence of spaces Xp as
above. For each n > 1, denote by (ei,n)
∞
i=1 the unit vector basis of Xα,pn and by
(ei,n)
∞
i=1 its natural copy in Xp:
ei,n = (0, . . . 0
︸ ︷︷ ︸
n−1
, ei,n, 0, . . .) ∈ Xp.
Let δn > 0 and ∆ = (δn) be such that
∞∑
i=1
δpn = 1 if p > 1, and limn
δn = 0 and
max
n





















it is clear that for any sequence (ti)
m

























































if p = 0.
Let Zp be the closed linear span of (zi)
∞
i=1. Here is the main result of this paper:
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Theorem 1.1.
(i) The Banach space Zp is hereditarily lp for p > 1.
(ii) For p = 1 the space Z1 is hereditarily l1 and does not possess the Schur property.
(iii) The space Z0 is hereditarily c0.
2. The results
Before beginning our detailed analysis, we collect some basic facts about our spaces
in the following lemmas. For x ∈ Xα,p, put s(x) = max |〈x, G〉| where the max is
taken over all blocks G.
Lemma 2.1. Let p > 1 and let (vi) be a sequence in Xα,p, (Gi) an admissible
sequence of blocks such that {j : vi(j) 6= 0} ⊂ Gi, and let
1. ‖vi‖ 6 2,



















P r o o f. Since s(vi) → 0 we have lim
i→∞
〈vi,N〉 = 0. By passing to a subsequence






























for K = 3p−1. Now we assume that (B) is true for all k 6 n − 1, and note that it
holds for k = 1. Let l be the largest integer for which
support(vn−1) ∩ Fl 6= ϕ
and suppose that for i = k, . . . , n − 1
support(vi) ∩ Fl 6= ϕ,
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but
support(vk−1) ∩ Fl = ϕ.











































































































































































































































Let 1 < pn < pn−1 and let (ui) be a norm one sequence inXα,pn , (Gi) an admissible
sequence of blocks such that {j : ui(j) 6= 0} ⊂ Gi and let s(ui) → 0. Then the norm
of ui in Xα,pn−1 is less than or equal to 1. Then using previous lemma with p = pn−1
we obtain
Lemma 2.2. Let (ui) be a norm one sequence in Xα,pn , (Gi) an admissible


















We use the following lemma from [1].
Lemma 2.3. Let (ui) be a sequence of norm one vectors in Xα,pn (pn > 1) and
(Gi) an admissible sequence of blocks such that {j : ui(j) 6= 0} ⊂ Gi. Then for a




















For each I ⊆ N the projection PI denotes the natural projection of X onto [ei,n :
i ∈ N, n ∈ I].
Lemma 2.4. Let E0 be an infinite dimensional subspace of Zp, n, m, j ∈ N
(n > 1) and ε > 0. Then there are {xi}
m
i=1 ⊂ E0 and {ui}
m
i=1 ⊂ Zp such that the





where j = j1 < j2 < . . . < jm+1. The vi’s are obtained from Lemmas 2.2 and 2.3 for








for each i = 1, . . . , m.
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P r o o f. Put Z1 = E0 ∩ [zi]
∞
i=j+1. Since E0 is infinite dimensional and [zi]
∞
i=j+1
has finite codimension in Zp, Z1 is infinite dimensional as well. Put j1 = j and





Take x1 and use Lemma 2.2 of [6] to obtain x1 and u1 with the above properties
and continue the procedure of that lemma to construct the desired sequence.
For n ∈ N denote Qn = P{n,n+1,...}. 
Lemma 2.5. Let E0 be an infinite dimensional subspace of Zp, j, n ∈ N and
ε > 0. There exist an x ∈ E0, x 6= 0 and a u ∈ Zp such that
(i) ‖Qnu‖ > (1 − ε)‖u‖,
(ii) ‖x − u‖ < ε‖u‖.
P r o o f. Choose m so that 21/pn((2(3)pn−1−1))1/pn−1δ−1n m
1/pn−1−1/pn < ε.
Using Lemma 2.4, choose {xi}
m
i=1 ⊂ E0 and {ui}
m
i=1 ⊂ Zp to satisfy the claims of








First, we prove (ii). We know that ‖ui‖ 6 ‖u‖ for i = 1, . . . , m and
‖x − u‖ 6
m∑
i=1









To prove (i), we first show that





Indeed, ‖u‖ − ‖Qnu‖ 6 ‖P{1,...,n−1}u‖. Hence, for p > 1 and by virtue of
















































































Further, for p = 0,






























































where max is taken over 1 6 k < n.

























































Further, for p = 0,





































































where max is taken over k ∈ N.













and ‖Qnu‖ > (1 − ε)‖u‖. 
To complete the proof of parts (i) and (iii) of Theorem 1.1 we will use the following
two results of [6] (Lemma 2.4 and Theorem 2.5)




q 6 εq if 1 < p < ∞ where 1/p + 1/q = 1,
∞∑
s=1
2εs 6 ε if p = 0.
If, for given vectors {us}
∞
s=1 ⊂ S(Zp), there is a sequence of integers 1 6 n1 <
n2 < . . . such that, for each s ∈ N, one has
(i) ‖us − Qnsus‖ 6 εs,
(ii) ‖Qns+1us‖ 6 εs
then {us}
∞
s=1 ⊂ S(Zp) is (1 + ε)(1 − 3ε)
−1-equivalent to the unit vector basis of ℓp
(as weall as, c0).
Theorem 2.7. The Banach space Zp is hereditarily ℓp if 1 6 p < ∞ and is
hereditarily c0 if p = 0.
The proof of 2.6 and 2.7 is based on the definition of Qi and the norm on Zp. In
fact by the lemma conditions and for any sequence (as)
m


























for 1 6 p < ∞, and














6 (1 + ε) max
16s6m
|as|
for p = 0. Then by using the stability properties of the bases [4, P. 5] and Lemma 2.5
we conclude the proof.
The following lemma completes the proof of Theorem 1.1.
Lemma 2.8. Z1 does not possess the Schur property.
P r o o f. Let ui = z2i−1 − z2i. Assume that ui does not converge weakly to
zero. Then there exist an f ∈ Z∗1 , ‖f‖ = 1, and a δ > 0 such that (passing to a















> δ for all N.










































but this is a contradiction.







δn = 1. Hence, the sequence
(ui) is a weakly null sequence in Z1 but not in norm. 
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